Abstract. We use a shell model to study counterion interactions in a colloidal solution. In this shell model, the counterions are restricted to move inside a spherical region about their host colloidal particle.
Certainly counterions play a leading role in the discussions about the sources of the like-charge attraction. However, it is important to verify if the attraction is attributed to their energy or entropy contribution. In a salt-free solution, one learns from the DLVO or Debye-Hückel [23] theory that the screening length of colloidal particles is comparable with the colloidal size. This rather huge screening length provides a larger volume of residence for the counterions. Hence these point-like counterions about their host colloid can be somewhat viewed as ideal-gas particles that are confined by the overall electric field of the system. Prompted by this picture, we proposed a shell model, in which the counterions are restricted to move inside a spherical shell about their host colloidal particle.
This shell model facilitates our task in deducing the free energy of two colloidal particles along with their counterions. Our model is given in details in Sec. 3, as the results of simulations are presented in Sec. 4 and Sec. 5.
The term "mixing entropy" often refers to the increase in entropy due to mixing of larger than two kinds of particles. That is based on the understanding that the mixing of same kind of particles results in essentially no change of entropy in a bulk system. However, we have shown in our previous work [24] that there exists a non-extensive residual mixing entropy even if the mixing particles are of the same kind. This residual entropy may be negligible in a bulk system, but in a mesoscopic system of colloidal particles, the entropy effect due to the mixing of counterions results in a free energy reduce that is comparable with the thermal energy. In this current work, we proceed with this idea of mixing, as we find from the simulation result in Sec. 6 that the entropy effect due to mixing of counterions lead to a possible like-charge attraction in the non-equilibrium case, where mixing is incomplete over the short-time scale.
Attractive electrostatic energy in the DLVO theory
According to the DLVO theory [9, 10] , the effective electrostatic interaction between a pair of colloidal particles
where
and
if the salt ions are monovalent. Also ρ ∞ is the number density of salt ions, R is the radius of a colloidal particle, and d is the distance between the two colloidal particles.
The electric potential at the colloidal surface ψ 0 is
according to the Debye-Hückel theory (−Ze is the charge of each colloidal particle). Note that the effective energy described in Eq. 1 is actually a free energy (potential of mean force), as it includes entropic contributions of small ions. To derive the pure electrostatic energy, one can apply the thermodynamic relation ∂(βF )/∂β = U .
For the salt-free case, ρ ∞ is small but not exactly equal to zero due to the dissociation of water molecules. Such a low value of ρ ∞ contributes to a screening length in the order of one micrometer, as we use κR = 1 in this work. The DLVO expression of the effective electrostatic energy, as given in Eq. 1, is based on the Derjaguin approximation [10] , which works only for the situation that the screening length is much smaller than the colloidal size. While this approximation fails in the salt-free case, we perform Monte Carlo simulations to re-verify this feature of attraction in the pure-energy part in the following sections. Meanwhile, we try to examine the energy and entropy contributions with more details, and check if there exists a scenario for the effective like-charge attractions between colloidal particles.
Model
We set in our model that each colloidal particle has a net charge −Ze located at its center, and the radius of a colloidal particle is R. The charge of the colloidal particle is surrounded by Z neutralizing counterions, each bearing a charge +e. These small counterions, modeled by point-like particles with no size, are confined in a spherical region of radius 2R about the center of the colloidal particle, as they are also excluded from the colloidal volume. The reason that 2R was chosen to be the size of the counterion cloud is mainly from of the fact that the size of the counterion cloud (and hence the colloidal screening length) in the saltfree regime is compatible with that of a micrometer-sized colloidal particle. We then perform Monte Carlo simulations, while during the course of each simulation we fix the distance d between the two colloidal particles and derive the corresponding effective colloidal interaction from the average electrostatic energy. Note that the shell model approach has been extensively studied [25, 26] . In this work the relevant energy is computed by considering the electrostatic interactions only, and we use dimensionless variables to represent relevant physical quantities. In particular we set R = 1. Therefore the total electrostatic energy among the colloidal particles and their counterions can be written as
where z i is the valence of the ith charge (z i = 1 for counterions and z i = −Z for colloidal particles), and r ij is the distance between the ith and jth charge. Moreover, we introduce a reduced temperature t which corresponds to the ratio of the colloidal radius over the Bjerrum length.
For aqueous solutions at room temperature, ℓ B ≈ 7Å, and therefore t is in the order of several hundreds to a thousand (since the radius of colloidal particles is in the order of one micrometer). The magnitude of the reduced temperature is relatively large compared with the electrostatic interaction between a single counterion and its host colloidal particle, or the interaction between two neighboring counterions. For most of the time, the latter is small compared with the average thermal energy in our system with sparsely distributed counterions. As a consequence, the pairwise electrostatic interactions are rather weak, as the force exerted on each counterion are contributed from the collective charge distribution.
In our current model we neglect the "image charge" effect [27, 28] caused by the difference in dielectric constants between the colloidal particle and surrounding aqueous solution. It has been found that such an image charge effect is crucial in colloidal solutions with multivalent counterions [27] .
Although the influence is important as well for systems with monovalent counterions [28] , we have not considered in the present work as the emphasis of the present work is to bring out the importance of mixing effect.
To derive effective potentials and correlations, we perform Monte Carlo simulations via the Metropolis algorithm. We choose Z = 100 and Z = 1000 in our simulations, and for each simulation we assign a random configuration for the initial counterion distribution, in which the positions of counterions obey a uniform distribution. The initialization is then followed by 10 9 simulation updates.
The same procedure is repeated over 10 times to derive average physical quantities. For the cases where the counterion clouds do not overlap, we provide an optional mixing algorithm which allows counterions to jump between the counterion clouds, as this algorithm enables number fluctuations of counterions in a cloud.
Energetic contribution of the electrostatic interaction
The result of average electrostatic energy is shown in Fig. 2 for the case Z = 100 and t = 100. From the squared data (the "non-mixing" case will be studied in a later section) we observe attractive electrostatic interactions as the counterion cloud starts to overlap. Within the range of our observation the magnitude of attractive energy is smaller than the thermal energy for the case Z = 100, while for Z = 1000 the attractive energy becomes significantly larger. This is in agreement with the DLVO theory, although the latter is based on the Derjaguin approximation [9] .
In the next sections we shall obtain the free energy of the system and find that the attractive part in electrostatic energy when the counterion clouds are overlapping will be overshadowed by the entropic (osmotic) repulsions.
The source of the attractive electrostatic energy can be understood using the following argument: since the dis-tribution of counterions is approximately spherical, the net force between colloids approaches zero as the counterion clouds starts to separate. While the clouds overlap, the counterions inside the overlapped region are less screened and therefore can feel attractions from the colloidal cores. However, this attractive energy is reduced by the excessive electrostatic repulsions among counterions in the overlapped region.
To illustrate this attractive mechanism, we make a simple calculation by assuming that the counterion charges about each host colloid are uniformly distributed. By summing over the Coulomb energy between all charges over the two colloids (except for the self energy within each colloid), one can derive
where ρ ≡ Z/(7 · 4πR 3 /3) is the homogeneous counterion density. The behavior of U HT is shown in To verify whether there exists any attraction in the overall effective energy, we continue to derive the free energy in the following paragraphs, as the result shows that the electrostatic attraction described here is indeed over-powered by the entropy effect, although the result shows the existence of another possible mechanism of like-charge attraction due to counterion mixing.
5 Derivation of the free energy
Entropy in the high-temperature limit
To derive the free energy one first needs the value of βF when β → 0, which is equal to the negative entropy in the high-temperature limit. In our model the counterions become ideal in the high-temperature limit except for the restriction in their occupying volume. As the colloidal particles approach, the counterion clouds overlap and the volume of occupation starts to reduce. With the use of the ideal entropy (recalling that k B = 1 in our reduced unit)
one can derive the change in entropy due to volume decrease: For example, δS = −2.5836 when d = 3.5, which provides an increase in free energy that is crucial compared with thermal fluctuation. As we shall see next, this entropy decrease in the high-temperature limit is dominating over the electrostatic attraction, and it will be corrected slightly by considering the free energy change towards the finite-temperature regime.
Method
In this subsection we propose a new method to derive the Helmholtz free energy via Monte Carlo simulations.
Commonly one uses the relation
and derive the free energy by integrating the internal energy over the inverse temperature β ≡ 1/t.
We start by rewriting the partition function at inverse
where ∆β = β 0 − β 1 and β1 implies the thermodynamic average at the inverse temperature β 1 . From Eq. 10 one can derive the free energy difference between β 0 and β 1 :
.
Through the average in Eq. 11 one gains the difference in βF over one simulation. This relation is exact and one does not have to apply any other integrating approximation. In practice, we choose β 1 = β 0 /M , in which M is an integer (eg. M = 4 is used in our simulations). As M is not very large, the importance sampling still works and one can gain the value βF by applying Eq. 11 iteratively.
For a system in which the dynamics may be hampered by various local minima, this technique can be applied along with the method of replica exchange [29] , so that free energy is derived while frustrated dynamics can be reduced during the course of parallel simulations over various temperatures.
Result
In this work we apply the above method to derive ∆βF 
Effect of mixing
In this work we provide an optional mixing algorithm for cases that the two counterion clouds do not overlap. As to a real colloidal solution, counterions are allowed to diffuse between clouds, thus enabling counterion number fluctuation in each cloud. Nevertheless, such diffusion takes a relatively longer time, and mixing between two counterion clouds can be rather incomplete during the observation time in a typical experiment. To estimate this effect of mixing, we turn our attention to the results for the mixing and non-mixing cases in our simulations.
From Fig. 2 , one finds that the electrostatic energy of the non-mixing case is lower than that of the mixing case.
However, from the second law of thermodynamics [30] , one knows that the free energy in the mixing case must be lower than that in the non-mixing case, because there is less restriction in the mixing scenario.
To investigate this free energy difference, we look up in the data in Table 1 for the case of non-overlapping clouds d = 20. The result shows that ∆βF of the nonmixing case is smaller than that of the mixing case by the amount 0.2259. This deficit is outweighed by the entropy difference between the mixing and non-mixing cases in the high-temperature (ideal gas) limit [24] . A simple calculation using the ideal gas entropy S = N ln V leads to a mixing entropy
For the case Z = 100 one obtains S mixing = 2.8762. Therefore βF of the mixing case is ultimately smaller than that of the non-mixing case by the amount 2.6503, which shows that the free energy difference is quite compatible with the thermal energy in its magnitude. For the case Z = 1000, we obtain that the free energy difference between the mix-ing and non-mixing cases at d = 20 is 6.1876 using the same analysis.
When the thermodynamic equilibrium is achieved, mixing of counterions is complete for all colloidal distances.
However, the mixing between counterions of both clouds may be rather incomplete within the limited time of observation at a large colloidal separation. To encourage the mixing process, colloidal particles will be dragged towards each other in the short-time interval to reduce the total free energy. Meanwhile, there exists a balancing mechanism in which the counterion clouds tend to stay less overlapped to avoid osmotic repulsion. Hence our result gives a hint that there exists a non-equilibrium mechanism of like-charge attraction that drives the colloidal particles towards some optimized separation, and this nonequilibrium mechanism is attributed to the residual mixing entropy of counterions.
To follow the "mixing algorithm" discussed in this 
Conclusion
In summary, we apply our shell model to study the effects of counterionic energy and entropy contributions to the effective free energy between a pair of colloidal particles in the salt-free regime. We observe that the electrostatic energy shows an attractive part at shorter colloidal distances, although this is overpowered by the osmotic repulsion between counterions, the latter resulting from the decrease of their residence volume. As our model assumes that counterions about each colloidal particle must reside in spherical shell, such a restriction may lead to a drop in volume that may be over estimated as the counterion clouds overlap. We expect the volume decrease and thus the entropy decrease to be smaller if the volume of counterion residence is allowed to deform in shape. Therefore we still cannot rule out the possibility that the electrostatic attraction might eventually dominate over the osmotic repulsion.
Meanwhile, the residual mixing entropy between the two counterion clouds as introduced in our previous work [24] is further investigated in our current study. We argue that this residual entropy can lead to an effective attraction between colloidal particles in the short-time interval, where mixing of counterions over the two colloids is still incomplete at larger colloidal separations. To further check about this idea, we suggest to study the hydrodynamic modes of the colloidal system using the PoissonBoltzmann approach in a future work. Finally, the argument about the residual mixing entropy is simple and general enough that it may be applied to explain likecharge attractions observed in similar systems such as polyelectrolyte [21, 22] . Change of counterion entropy in the high-temperature limit due to volume decrease. In our shell model, the residence volume of counterions decreases once the two counterion clouds overlap, resulting in an entropy decrease. The result is derived using an ideal-gas law of entropy.
